The notion of spontaneous symmetry breaking has been used to describe phase transitions in a variety of physical systems. In crystalline solids, the breaking of certain symmetries, such as mirror symmetry, is difficult to detect unambiguously. Using 1T -TaS2, we demonstrate here that rotationalanisotropy second harmonic generation (RA-SHG) is a sensitive technique for the detection of broken mirror symmetry. We find that RA-SHG can differentiate between mirror symmetry-broken structures of opposite planar chirality. We are also able to identify a binary indicator of broken mirror symmetry, as well as an indicator of the sense of the planar chirality. Lastly, we find evidence for bulk mirror symmetry-breaking in the incommensurate charge density wave phase of 1T -TaS2. Our results pave the way for RA-SHG to probe candidate materials where broken mirror symmetry may play a pivotal role. arXiv:1909.12850v2 [cond-mat.mtrl-sci] 
In condensed matter systems, phases are often classified by the symmetries that they break. Identifying these symmetries enables one to understand a system's order parameter, collective excitations, topological defects, and allowable topological indices [1, 2] . Together, these attributes ultimately allow one to predict how a material will respond to external perturbations like electromagnetic fields, heat, and mechanical forces, which is a central goal of condensed matter physics.
Specifically, the presence or absence of mirror symmetry can lead to a variety of unusual phases and properties. For example, the absence of mirror plane symmetry in noncentrosymmetric materials can give rise to gyrotropic order, which can lead to a nonzero Kerr rotation and a nonzero circular photo-galvanic effect [3] [4] [5] . Moreover, in SnTe, a topological crystalline insulator, the presence of mirror symmetry gives rise to conducting surface states through the existence of a nonzero mirror Chern number. This topological index guarantees an even number of Dirac cones on surfaces where mirror symmetry is retained [6] [7] [8] . In other circumstances, the existence of mirror symmetry is more controversial. One notable example is in 1/8-doped La 2 -x Ba x CuO 4 , an unconventional superconductor, where coincident with the charge order transition is the appearance of an anomalous Nernst effect [9] and a nonzero polar Kerr effect [10] . The authors attributed these observations to the breaking of time-reversal symmetry and the onset of gyrotropic order, respectively. At the same time, terahertz polarimetry experiments [11] suggest that mirror symmetry may be broken well above room temperature, which would imply that the onset of gyrotropic order may result from the breaking of only inversion and roto-inversion symmetries at the charge ordering temperature.
Such controversy has led some to seek an experimental method to serve as a binary indicator of broken mirror symmetry [12] . In principle, several tools can already do this, including resonant ultrasound spectroscopy [13, 14] , X-ray, neutron, and electron diffraction [15, 16] , and a recently-proposed method, shear conductivity [12] . Resonant ultrasound spectroscopy and the diffraction-based techniques are more sensitive to the ionic lattice, which makes the identification of subtle electronic symmetry-breaking challenging. And while shear conductivity has the potential to be an extremely versatile tool for identifying broken point group symmetries, experimental pursuits are currently only preliminary [12] . In this study, we focus on a nonlinear optical technique, rotational-anisotropy second harmonic generation (RA-SHG), which we show is capable not only of identifying broken mirror symmetry [17] but also of resolving its sense (left-or right-handed). Furthermore, RA-SHG is sensitive to the electronic subsystem and can be used for microscopy studies, making it an ideal experimental tool for probing phase transitions where domains may arise [18, 19] .
In this direction, we choose a material, 1T -TaS 2 , in which vertical mirror plane symmetry is manifestly broken across a phase transition [20, 21] . Using this material, we demonstrate in this Letter that RA-SHG, an alloptical probe sensitive to a material's point group, is an effective probe of broken mirror symmetry. We also show that the phase of the RA-SHG signal represents a physical observable that is sensitive to the planar chirality of the mirror symmetry-broken phase. Thus, RA-SHG can be used to differentiate mirror-opposite domains.
1T -TaS 2 is a layered material with a crystallographic structure identical to other octahedrally-coordinated transition metal dichalcogenides ( Fig. 1(a) ). The space group of the high temperature, undistorted phase is P3m1 (no.164, point group D 3d ) [22] , and the point group of the surface normal to the (001) direction in this phase is C 3v [23, 24] . Upon lowering temperature, 1T -TaS 2 undergoes a series of charge density wave (CDW) phase transitions. At T IC = 550K, a triple-q incommensurate (IC) CDW forms which breaks translational symmetry but retains the surface point group symmetries of the undistorted phase [23, 24] . The effects of the CDW on the bulk symmetries in this phase are not yet understood. On further cooling, at T IC−NC = 353K there is a weakly first-order transition to a nearly-commensurate (NC) phase, where three vertical mirror plane symmetries are broken [22] and the surface point group becomes C 3 . The NC phase has been visualized with scanning tunneling microscopy and exhibits patches of commensurate "Star of David" hexagrams that are separated by a network of discommensurations [25] . Because mirror symmetry is broken, there are two energetically equivalent CDW configurations (α and β) in the NC phase that have opposite planar chirality ( Fig. 1 (c)-(d)). At even lower temperatures, T NC−C = 184K, 1T -TaS 2 undergoes a surface point group symmetry-preserving firstorder transition, where the discommensurations disappear and the CDW locks into a structure commensurate with the underlying lattice [26] . Recent interest in the NC phase of 1T -TaS 2 has arisen due to the possibility of injecting mirror-opposite domains into the structure [21] , which typically do not exist in the ground state due to the absence of depolarizing fields. Zong et al. were able to induce these domains using a single ultrafast pulse of light, which was found to drive the material into a long-lived metastable state possessing domains of opposite planar chirality. Partly motivated by the desire to image these domains, we seek here a simple experimental method that could identify domains with opposite planar chirality. 1T -TaS 2 samples used in the experiment were grown using the chemical vapor transport technique, as described in Ref. [21] . In the NC phase, 1T -TaS 2 is typically single-domain, which we have verified with electron diffraction on a sample from the same batch (see supplement). This is in agreement with previous works [20, 21, 27, 28] .
In RA-SHG [29] [30] [31] [32] , a pulsed laser beam of frequency ω and amplitude E(ω) is focused onto a sample with nonzero angle of incidence θ ( Fig. 1(b) ). The 2ω component of the radiation emitted by the sample is subsequently measured in various combinations of incoming and outgoing polarizations (either parallel (P) or perpendicular (S) to the plane of incidence) and as a function of the angle φ between the plane of incidence and some crystallographic axis. In noncentrosymmetric materials, the response is dominated by the bulk electric dipole moment P i (2ω) = χ ijk E j (ω)E k (ω) [33] , where χ ijk is a material-specific susceptibility tensor which must be invariant under all symmetry operations present in the crystallographic point group. In centrosymmetric crystals such as 1T -TaS 2 , the bulk electric dipole response is forbidden by the presence of inversion symmetry [33, 34] . In this case, the dominant response often comes from the surface of the sample, which necessarily breaks inversion symmetry [35] . SHG from surfaces of materials is described by a different susceptibility tensor, χ S ijk , which is constrained by the crystal symmetries of the surface. In addition, there can be bulk contributions from higherorder processes which are allowed in the presence of inversion symmetry, such as the bulk quadrupole response [18, 36] . In our implementation, data was taken with the 800nm pulsed output of a regeneratively amplified Ti:Sapphire laser operating at 5kHz. The beam was scattered by a transmissive phase grating into multiple diffraction orders, and the +1-order component was steered through a polarizer and focused onto the sample to a spot diameter of ∼150µm at a 10 • angle with respect to the (001) sample normal. This experimental geometry is similar to that described in Refs. 29 and 37. The reflected light at 400nm was directed through an analyzer and into a photomultiplier tube, where the intensity was measured with a lock-in amplifier. We rotated the phase grating at ∼5Hz and recorded the signal as a function of φ ( Fig. 1(b) ).
To show that we are sensitive to the breaking of mirror symmetry across the IC to NC transition, we took RA-SHG data on 1T -TaS 2 in both phases. Figs. 2(a) and 2(b) show the second harmonic response from the sam-ple above and below T IC−NC = 353K in two polarization channels, plotted as a function of φ. Despite the incommensurate nature of the charge density wave, the surface point group symmetries of the material are retained at a single point and remain well-defined. We are thus able to fit the rotational anisotropy in the IC phase using the surface point group C 3v (Fig. 2(a) ), which is in agreement with previous reports [23, 24] . It should be noted that in order to fit the S in -S out polarization channel appropriately, we find that it is necessary to add an additional bulk quadrupole contribution to the signal. The consequences of this contribution will be discussed later, but at the moment they do not affect our conclusions.
Upon cooling into the NC phase, mirror symmetry is spontaneously broken and the surface point group reduces to C 3 [22] . As a result, the RA-SHG exhibits a marked lowering of symmetry ( Fig. 2(b) ). This lowering of symmetry can be understood by inspecting the Fourier decomposition for the rotational anisotropy,
where I 
P S becomes nonzero when mirror symmetry is broken. Below T IC−NC , the RA-SHG intensity subsequently exhibits a three-fold rather than a six-fold symmetric pattern, arising from a nonzero I (3) P S ( Fig. 2(b) ). The change of symmetry is further highlighted in the temperature dependence of I Having established that RA-SHG is sensitive to the breaking of vertical mirror plane symmetry in 1T -TaS 2 , we now seek to demonstrate that it can differentiate between CDW configurations of opposite planar chirality in the NC phase. To do so, we generate two samples with opposite planar chirality by cleaving a single sample of 1T -TaS 2 and perform RA-SHG on both sides of the same cleave. The act of cleaving the sample is equivalent to performing a 180 • rotation about an in-plane axis, which in a single layer is equivalent to a mirror reflection (Figs. 1(c) and (d)) (see supplement). Figure 3 shows the results of RA-SHG measurements in the P in -P out and P in -S out polarization channels as a function of φ, where the two mirror images are labeled α and β. As shown in the figure, the difference between α and β configurations in RA-SHG is manifest in the phase of the signal in the P in -S out channel as measured with respect to the P in -P out channel. This phase difference explicitly indicates the sense associated with the breaking of mirror symmetry in 1T -TaS 2 . Appealing again to Eq. 1, it is possible to show (see supplement) that performing a mirror operation on the susceptibility tensor χ S ijk has the simple effect of changing the sign of ψ To validate the analysis contained above, we first fit the data for the α structure using the surface point group C 3 to generate a tensor χ α ijk with numerical coefficients. The fit is shown in Fig. 3(a) . Then, we transform χ α ijk by a mirror reflection to generate χ β ijk (see supplement). With this transformation, we find that the rotational anisotropy simulated using χ β ijk collapses exactly onto the measured signal, as shown in Fig. 3 
The final observation of this work concerns the contribution from the bulk of the sample to the measured RA-SHG signal. As mentioned above, we find that in order to fit the data in all four polarization channels correctly, we need to introduce an additional contribution to the SHG signal beyond the surface electric dipole contribution. This is clear if one considers the S in -S out polarization channel, for which it is simple to prove (see supplement) that for purely electric dipole SHG, the threefold SHG component I
SS must vanish irrespective of the point group symmetry. Fig. 4 (a) and (c) show the measured RA-SHG data from 1T -TaS 2 in the S in -S out polarization channel below and above T IC−NC . The three-fold symmetry in these plots shows that I
SS is nonzero and that there must be a contribution beyond electric dipole SHG.
The next-lowest order contribution to SHG is given by the bulk electric quadrupole contribution, which is allowed in the presence of inversion symmetry [18, 36] . The electric quadrupole moment has a distinct dependence on the angle of incidence of the incoming light because the corresponding radiative source term in Maxwell's wave equation is proportional to the gradient of the quadrupole [18, 36, 38] . Thus the bulk quadrupole contribution can be identified by examining the dependence of the rotational anisotropy on the incident wavevector k in the S in -S out polarization channel [35] . We therefore performed RA-SHG measurements on 1T -TaS 2 in the S in -S out polarization channel at θ = 10 • and at θ = 0 • . The wavevector dependence depicted in Figs. 4(a) and 4(b) establishes that the secondary contribution derives from bulk quadrupolar SHG.
Importantly, the quadrupole susceptibility tensor χ Q ijkl carries information about the bulk point group [35] . By identifying the highest-symmetry combination of surface and bulk point groups which are consistent with RA-SHG, we can therefore constrain both the surface and the bulk symmetries of the different phases in 1T -TaS 2 .
In the NC phase ( Fig. 4 (a)-(b)), we find a nonzero value for I
SS , which is only allowed by subgroups of the undistorted bulk point group D 3d which lack mirror symmetry (see supplement). This data can be fit with the bulk point group S 6 and surface point group C 3 , which is consistent with diffraction measurements [24] .
If mirror symmetry were fully restored in the bulk of the IC phase, we would expect to be able to fit the high temperature data using a surface point group C 3v plus a bulk quadrupole contribution in the point group D 3d ( Fig. 4(d) ). Therefore, we would expect that I (3) SS should vanish above T IC−NC . However, we find that the data in this phase ( Fig. 4(c) ) still maintains a positive I
SS . This result suggests that the bulk of 1T -TaS 2 in the IC phase breaks mirror symmetry. By fitting the data, we can subsequently identify the surface and bulk point groups as C 3v and S 6 , respectively. Notably, we find that the surface point group C 3v preserves the mirror symmetry which is broken in S 6 . With RA-SHG, it is not possible to deduce the full crystal structure, but we speculate that this discrepancy between surface and bulk symmetries might be attributable to the particular stack-ing arrangement associated with the CDW above T IC−NC (see supplement for further details). This would explain why the surface component, which is measuring the local structure at the surface of the sample [35] , is consistent with the existence of mirror symmetry, whereas the bulk component, which measures the global structure of many layers, is not.
In summary, we have demonstrated here that RA-SHG can be used to identify broken mirror symmetry in crystalline materials. In addition, we have found that RA-SHG can differentiate between structural configurations related by mirror reflection, and have identified ψ SS , we have also shown that RA-SHG is sensitive to broken mirror symmetry in the bulk of 1T -TaS 2 , and have found evidence that the IC phase of this material breaks mirror symmetry in the bulk. In order to fully understand the origin of broken mirror symmetry in the bulk of 1T -TaS 2 , it will be necessary to perform more targeted structural studies. Nevertheless, our study opens up the possiblity for RA-SHG to detect mirror symmetry-broken phases and their domain structures in other candidate materials.
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In the first section of the main text, we discuss how RA-SHG is sensitive to the breaking of mirror symmetry in 1T -TaS 2 . In Figs. 2(a) and 2(b) of the main text, we display RA-SHG data in two polarization channels: P in -P out and P in -S out . For completeness, the other polarization channels are reproduced in Fig. S1 . Importantly, the fits in the figure only include a surface electric dipole contribution (see main text). The inability to fit the S in -S out polarization channel with a pure electric dipole contribution suggested to us that a second contribution was necessary in the form of a bulk electric quadrupole term. This is discussed in the main text as well as in section S4. Given any crystallographic point group, it is always possible to compute the form of the susceptibility tensor χ S ijk . In C 3 , the susceptibility tensor is given by 1
B. I
(S1)
In the point group C 3v , the susceptibility tensor is constrained by symmetry so as to take a form similar to equation S1, but with various elements removed or equated:
From the susceptibility tensor χ S ijk , one can then compute the RA-SHG intensity
and E(ω) = (− cos θ, 0, sin θ) T . Here we use that the sample normal is along (001).
It is easy to then compute the Fourier transform of I 2ω P S (φ) defined by Eq. 1. The parameters I 
where
θ is the angle of incidence, and
By comparing equations S2 and S1, we find that a 1 = a 2 = 0 (S10) in the high temperature phase, so that I
P S (χ ijk ) = 0. Note that Eq. S5 highlights an important aspect of our experiment, which is that the binary indicator, I RA-SHG at normal incidence on the (001) surface of 1T -TaS 2 is not capable of resolving broken vertical mirror plane symmetry. This can be understood by noting that I
P S is nonzero only when the tensor element χ S yxz is nonzero. However, for such a term to be observable in the experiment, there needs to be an out-of-plane component to the incoming electric fields, which in turn requires a nonzero angle of incidence. Moreover, in a system with three-fold symmetry like 1T -TaS 2 , the aforementioned tensor element can only be nonzero in a system where mirror symmetry is absent. To see that this is true, consider the term P y (2ω) = χ S yxz E x (ω)E z (ω). Under an x → −x mirror operation, we require that P y → P y , E x → −E x , E z → E z , and χ S yxz → χ S yxz . However, if this operation is a symmetry of the crystal then we have χ S yxz = χ S yxz , so that P y = −P y . This implies that χ S yxz = 0. Therefore both a nonzero angle of incidence and broken mirror symmetry are required for a nonzero I
P S in the geometry of our experiment.
S2. IMPORTANCE OF THE Pin-Sout CHANNEL AND GENERALIZATION TO OTHER MIRROR-SYMMETRY-BREAKING TRANSITIONS
In this section we explain physically why the P in -S out polarization channel is the most sensitive to mirror symmetry breaking in 1T -TaS 2 , and generalize the analysis in the present work to other phase transitions in which mirror symmetry is broken. Consider the experimental geometry depicted in Fig. S2(a) . A P -polarized electric field E in is incident in a plane parallel to the z axis on a sample with vertical mirror symmetry about the xz plane (indicated by the sides A and B of the sample being the same color). The geometry is such that the plane of incidence makes an angle φ with the reflection plane. Let P ⊥ (φ) be the S-polarized component of the polarization resulting from second harmonic generation by the interaction of the sample with E in . Now consider applying the mirror operation both to E in and to the sample (Fig. S2(b) ). Then the resulting S-polarized component of the polarization (in the frame of the plane of incidence) will be −P ⊥ (φ). However, since the sides A and B in Fig. S2(b) are the same, by symmetry the problem is equivalent to Fig. S2 (a) but with φ replaced by −φ. Thus P ⊥ (−φ) = −P ⊥ (φ), implying that P ⊥ (0) = P ⊥ (π) = 0. This along with threefold rotational symmetry is sufficient to prove that the RA-SHG pattern from IC-phase 1T -TaS 2 in the P in -S out polarization channel is purely sixfold-symmetric. However, in the case where mirror symmetry is broken (Figs. S2(c-d) ) the above argument no longer holds and the constraint
PS is allowed in the NC phase but not in the IC phase. In contrast to the S-polarized output (P ⊥ (φ)), the Ppolarized output (P (φ)) does not change sign (as defined in the frame of the plane of incidence) under mirror reflection. Therefore the constraint for P -polarized output is that P (φ) = P (−φ). Importantly, this constraint does not forbid fourier components like I Finally, while the S in -S out channel is subject to the constraint P ⊥ (−φ) = −P ⊥ (φ), it can also be shown (see section S4 B) that in the electric dipole regime, S in -S out is twofold-symmetric regardless of the crystallographic Initial group Final group Indicator(s)
C3v I 
P P , I 
P P , I S1. Indicators of broken mirror symmetry in mirror-symmetry-breaking transitions between noncentrosymmetric point groups. Values in the rightmost column (defined in the main text) are zero in the initial group and nonzero in the final group. In all cases, the analysis was done in a geometry such that the sample normal is parallel to the broken mirror plane (i.e. the mirror plane is vertical). point group. Therefore the P in -S out polarization channel is especially sensitive to the breaking of vertical mirror plane symmetry in the geometry depicted in Fig. S2 .
While the argument above is effective in the case of a C 3v to C 3 transition (as in 1T -TaS 2 ), the presence or absence of other symmetries in different point groups may call for symmetry arguments which differ from those above. Therefore, to generalize this work we provide in Table S1 a list of mirror-symmetry-breaking transitions between noncentrosymmetric point groups and identify corresponding binary indicators (like I which can be used to identify broken mirror symmetry (note that while RA-SHG is only nonzero in noncentrosymmetric point groups, it can still be used in centrosymmetric materials because crystal surfaces necessarily break inversion symmetry).
In most of the transtions in Table S1 , I (n) P S can be used as an indicator of broken mirror symmetry for some n. However, for others the RA-SHG pattern rotates rather than (or in addition to) changing symmetry, which is indicated by a change in the phase of certain Fourier components. Additionally, it should be observed that for a minority of the transitions in Table S1 , RA-SHG is not sensitive to the breaking of mirror symmetry (e.g. in the transition from T d to T , two point groups for which the susceptibility tensor is equivalent).
S3. PROBING THE SENSE OF PLANAR CHIRALITY WITH RA-SHG
A. Complete RA-SHG data
As in section S1 A, for completeness we reproduce in Fig. S3 the RA-SHG data in the α and β CDW configurations, including the two polarization channels which were truncated from Fig. 3 in the main text. The poor fit in the S in -S out polarization channel again indicated to
Mirror symmetry preserved Mirror symmetry broken us that there was an additional bulk quadrupole contribution to the signal.
B. Electron diffraction confirming the sample is single domain
To confirm that 1T -TaS 2 is single-domain in the NC phase, we performed electron diffraction on a sample from the same batch as the one used for the RA-SHG measurements. The absence of CDW sister peaks in Fig. S4 demonstrates that the sample is single-domain, in agreement with previous reports 2-5 . We note that recent studies have demonstrated that it is possible to inject mirror domains into an otherwise uniform sample of 1T -TaS 2 using intense pulses of light 2 . To control for this effect, we used incident fluences which are well below the threshold fluence 5mJ/cm 2 reported in Ref. To fit the data in Fig. 3 of the main text, we performed the following procedure. First, we used the 6 independent elements in the C 3 susceptibility tensor given by equation S1 as fitting parameters to fit the data on the α sample ( Fig. S3(a) ) to
(S11) The fit was constrained in such a way as to forbid large changes in the susceptibility elements χ yyy , χ yyz , χ zyy , and χ zzz that exist in both phases (see Eqs. S1 and S2) from above to below T IC−NC = 353K. This gave us a set of 6 numbers {χ α ijk }, from which we can form the tensor χ α ijk . The cleaving operation can be represented by the operator C = AΓ(γ)R x , where R x is the operator which rotates the sample 180 • about the x-axis,
Γ(γ) is the operator which rotates the sample about the z-axis by an arbitrary angle γ,
and A is a positive overall constant which represents minor, day-to-day fluctuations in experimental conditions. If we were able to cleave the sample exactly along the high-symmetry axis, then γ would be 0 • and Γ(γ) would be identity. Also note that the fact that the determinant of C in the (x, y) subspace is −1 is equivalent to the statement that C switches the planar chirality of the sample.
To simulate the effect of cleaving the sample, we therefore applied C to χ α ijk to form χ β ijk ({χ α ijk }, γ, A). Formally, this amounts to computing
is a function of only two free parameters (γ and A). We find that with the proper choice of γ and A, the signal computed by equation S3 collapses onto the data in Fig. S3(b) . This procedure also reproduces the change of the phase of the RA-SHG in the P in -S out channel. In the main text we argue that ψ
P S can be used as an indicator for the sense of the planar chirality in 1T -TaS 2 . To show that this is true, we again appeal to the analysis in section S1 B. We seek to prove that cleaving the sample (i.e. applying C to χ α ijk ) has the effect of flipping the sign of ψ
P S . Without loss of generality, we can restrict our analysis to the case where γ = 0 and A = 1, so that
in the 3D polar vector representation. We apply C to χ α ijk in the same way as in equation S14. By inspection, we find that C has the effect of changing the sign of each element with an odd number of y and z indices. This transformation negates a 1 , but not a 2 . Therefore C flips the sign of ψ 
S4. BULK BROKEN MIRROR SYMMETRY IN 1T -TAS2
A. Complete RA-SHG data at T = 295K
As in section S3 A, for completeness we reproduce in Fig. S5 the RA-SHG data at T = 295K (NC phase) which is used in Fig. 4 to argue that there is a nonzero bulk electric quadrupole component to the measured signal. Furthermore, we reproduce in Fig. S6 the RA-SHG data at T = 356K (IC phase), to show that we can fit all four polarization combinations using the surface point group C 3v as well as a bulk point group S 6 (see below).
The S in -S out channel of Fig. S6 is shown in Fig. 4 of the main text.
B. Symmetry analysis of RA-SHG data
In the last section of the main text, we claim that the nonzero value of I (3) SS measured in Fig. 4(c) suggests the presence of broken mirror symmetry in the bulk of 1T -TaS 2 in the IC phase, which has not been identified explicitly by other techniques. The central argument revolved around a number of symmetry constraints on I
SS , which could be used to restrict the space of possible point groups. In this section, we provide derivations for these constraints.
To begin, we noted in the main text that the nonzero value of I Figs. 4(a) and 4(c) immediately suggests the presence of an SHG contribution beyond the typical surface electric dipole contribution expected from 1T -TaS 2 . This is because, for purely electric dipole SHG, the rotational anisotropy I 2ω SS (φ) always has at least twofold symmetry in φ. To see that this is true, consider the effect of taking φ → φ + π in an S-polarized input geometry. In the frame where the sample is stationary, this simply changes the sign of the input field. Since the polarization is proportional to the square of the input field (P i (2ω) = χ ijk E j E k ), then it will be symmetric under φ → φ + π, as will be its projection out of the plane of incidence (note, however, that because the component of P (2ω) parallel to the direction of propogation is not visible in the experiment, the same cannot be said for the P -polarized output). Therefore, if the measured RA-SHG in the S in -S out channel lacks twofold symmetry, then there is a contribution to the rotational anisotropy which exists beyond the electric dipole. In Fig. 4 of the main text, we see that 1T -TaS 2 shows a clear lack of twofold symmetry in the S in -S out polarization channel. Having thus established that there is an additional contribution to the measured RA-SHG signal in 1T -TaS 2 , we then argue in the main text that the bulk quadrupole contribution Q ij (2ω) = χ Q ijkl E k (ω)E l (ω), which is allowed in centrosymmetric materials, is the next leading order term allowed in 1T -TaS 2 .
To check that this contribution is indeed present in 1T -TaS 2 , we note in the main text that the electric field radiated by an oscillating quadrupole moment is actually proportional to the divergence of Q ij (2ω)
where k is the wavevector of the incident radiation. Importantly, despite the independence of the incident field E = (0, 1, 0) T and outgoing polarization P (2ω) = (0, P y (2ω), 0) T on the angle of incidence θ in the S in -S out polarization channel, Eq. S16 indicates that in the presence of electric quadrupole SHG, the measured rotational anisotropy will depend on θ. This is in contrast to purely electric dipole SHG (Eq. S3), for which the signal is completely independent of θ in S in -S out .
To test this prediction, as noted in the main text we performed room temperature RA-SHG measurements on 1T -TaS 2 at θ = 10 • and θ = 0 • , and obtain a clear θ dependence of the rotational anisotropy. This is a unique feature of electric quadrupole SHG and strongly suggests that part of our signal in Fig. 4 is due to a bulk electric quadrupole contribution.
Having established that the bulk electric quadrupole contribution is present in our SHG signal, we proceed to calculate the value of I (3) SS and show that it is zero in the presence of vertical mirror plane symmetry. In the text, we use this fact to argue that vertical mirror symmetry is broken in the IC phase of 1T -TaS 2 .
To examine the symmetry properties of I
SS , we compute the rotational anisotropy in the presence of Q ij (2ω) as
and E(ω) = (0, 1, 0) T . It is then trivial to compute the Fourier spectrum of I 2ω SS . Let χ S ijk be the surface electric dipole susceptibility tensor constrained by the point group C 3 , and let χ Q ijkl be the bulk electric quadrupole susceptibility tensor constrained by the point group S 6 . These point groups correspond to the accepted surface and bulk structures in the NC phase of 1T -TaS 2 according to x-ray diffraction 6 . Then, we find 
where I
SS is the 3φ Fourier component of the rotational anisotropy in the S in -S out polarization channel.
There are three aspects of Eq. S20 which deserve attention. For one thing, we find that at normal incidence (θ = 0), I (3) SS = 0. This is consistent with the measurements shown in Fig. 4(b) . Second, we find that I
SS depends only on the quadrupole susceptibility tensor, which is consistent with the notion that for purely electric dipole I 2ω SS must be symmetric under φ → φ + π. The third and most important aspect of Eq. S20 is that, if we promote the symmetry group of the bulk of the sample from S 6 to D 3d , which corresponds to restoring the vertical mirror plane symmetry, χ Q xzxy and χ Q xzyy become zero 1 . Thus we find that a nonzero value for I
SS is not allowed in D 3d , which is the point group of the undistorted phase 6 . Because our measurements in the IC phase ( Fig. 4(c) ) indicate a nonzero I
SS , this suggests that the point group in the IC phase of 1T -TaS 2 is not D 3d , but rather a proper subgroup of D 3d . The highestsymmetry proper subgroup of D 3d which reasonably fits the data is S 6 , which breaks vertical mirror plane symmetry. Note that this is a statement of the bulk point group only; the negligible value of I ( Fig. 2) suggests a surface point group of C 3v , which retains vertical mirror plane symmetry. This is consistent in the limit where the coupling between the layers is very small, and the separation of surface and bulk contributions to the SHG signal is well-justified. For the sake of completeness, we also note here two alternative explanations for the nonzero I
SS depicted in Fig. 4 (c) which do not appeal to an additional quadrupole contribution. Firstly, it is possible that the surface of the sample was rough or nonuniform in such a way as to modulate the observed SHG intensity as a function of φ. In principle, this could result in a nonzero observed value of I
SS . To account for this artifact, we measured SHG on 1T -TaS 2 in multiple locations and on multiple different samples, and found that the results in this work were consistent across all measurements. Furthermore, with SHG measurements there is always the possibility of an additional contribution arising from the presence of adsorbates on the sample surface 7 . While such a contribution may be present in our experiment, we note that this too is an unlikely explanation for the nonzero I 
